Let G be a commutative semigroup, K = R or C and F
Main results
Throughout this paper, G, • is a commutative semigroup with an identity e, R the set of real numbers, C the set of complex numbers, K = R or C, ≥ , and g : G → G and φ : G → [, ∞) are given functions. For (a  , a  , . . . , a n ), (b  , b  , . . . , b n ) ∈ K n , we define , the averaging operator and the multiplicatively symmetric operator (see [] ). Moreover, the equation (.) is connected with a description of some associative operations, i.e., the binary operation 
for all x, y ∈ G with any norm
PF is bounded and QF satisfies (.), where P :
In this paper, generalizing the above result we consider the functional inequalities
for all x, y ∈ G with any norm · in K n (see [] for related results).
Throughout this paper we denote
where
Assume that one of the following two conditions is fulfilled.
Then there exist ideals I, J ⊂ K n such that K n = I ⊕ J, PF is bounded and QF satisfies (.), where P :
Remark The case (ii) of Theorem . includes Theorem ..
Assume that g is an involution. Then there exist ideals I, J ⊂ K n such that If we replace · by the usual norm · u on K n defined by
we can estimate PF (in Theorem . and Theorem .) as follows.
Theorem . The following two statements are valid.
for all y ∈ G, where |L| denotes the number of the elements of L. In particular, if |L| =  and G is a group, then PF satisfies either
), then PF satisfies (.). In particular if G is a group, g is surjective and |L| = , then PF satisfies (.) or (.).

Proofs
Let g : G → G and φ : G → [, ∞) be given. We first consider the stability of the functional equation
in the class of functions f : G → K, i.e., we investigate both bounded and unbounded functions f : G → K satisfying the functional inequalities
for all x, y ∈ G.
Lemma . Assume that g = σ is an involution and f : G → K is an unbounded function satisfying the inequality (.). Then f is exponential and satisfies (.). In particular, if G is -divisible, then f has the form
for all x ∈ G, where m : G → K is an exponential function. http://www.advancesindifferenceequations.com/content/2014/1/158
Proof Choose a sequence x n ∈ G, n = , , , . . . , such that |f (x n )| → ∞ as n → ∞. Putting x = x n , n = , , , . . . , in (.), dividing the result by |f (x n )| and letting n → ∞ we have
for all y ∈ G. Multiplying both sides of (.) by f (x) and using (.) and (.) we have
for all x, y ∈ G. Thus, f is an exponential function, say f = m. From (.) and (.) we have
for all x, y ∈ G. Since f is unbounded, from (.) we have
for all y ∈ G. Replacing y by σ (y) in (.) and using (.) we get the equation (.). In particular, if G is -divisible, then we can write
for all x ∈ G. This completes the proof.
Lemma . Let f : G → K be an unbounded function satisfying (.).
Assume that there exists a sequence x n , n = , , , . . . , satisfying
Then f satisfies (.).
Proof Note that (.) implies
Putting y = x n , n = , , , . . . , in (.) and dividing the result by |f (x n )| we have
for all x ∈ G, n = , , , . . . . Letting n → ∞ in (.) we have
for all x ∈ G. Multiplying both sides of (.) by f (y) and using (.) and (.) we have
for all x, y ∈ G. This completes the proof.
Lemma . Assume that g is bijective and f
Proof Choose a sequence x n ∈ G, n = , , , . . . , such that |f (x n )| → ∞ as n → ∞. Putting x = x n , n = , , , . . . , in (.), dividing the result by |f (x n )|, replacing y by g - (y) and letting
for all y ∈ G. Multiplying both sides of (.) by f (g - (x)) and using (.) and (.) we have
for all x, y ∈ G. Thus, f • g - is an exponential function. This completes the proof.
Proof of Theorem . Since every two norms in K n are equivalent, from (.) there exists
for all x, y ∈ G and all j ∈ {, , . . . , n}. For the case (i), by Lemma ., f j satisfies (.) for all j ∈ K . For the case (ii), by Lemma ., f j satisfies (.) for all j ∈ K . Let I = {(a  , a  , . . . , a n ) : a i =  for i ∈ K}, J = {(a  , a  , . . . , a n ) : a i =  for i ∈ L}. Then it follows that K n = I ⊕ J, PF is 
